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CHAPTER -7

SYSTEM OF PARTICLES AND ROTATIONAL MOTION

Introduction
Centre of mass, Centre of Gravity

Motion of centre of mass
Linear momentum of a system of particles

Vector product of two vectors
Angular velocity and its relation with linear velocity, Kinematics of

rotational motion about afixed axis
Torque and angular momentum
Equilibrium of a rigid body
Moment of inertia
Theorems of perpendicular and parallel axes

Dynamics of rotational motion about a fixed axis
Angular momentum in case of rotations about a fixed axis

[ Removed Topics } Rolling motion

Theorems of Perpendicular and Parallel axes and their applications.
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TOPICS

Introduction
**Center of mass

Center of gravity
Vector product

Relation between Linear velocity and
angular velocity

**Conservation of Angular momentum
Moment of Inertia

**Rolling Motion

**Rolling on inclined plane
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INTRODUCTION
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Rigid body : It is a body with a perfetly definite
and unchanging shape. The distances between all
pairs of particles of such a body do not change.

N
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CENTER OF MASS
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CENTRE OF MASS

Centre of mass of a body or a system is a point

where entire mass of the body or the system is
supposed to be concentrated to describe its
translatory motion and characterises the motion of

whole body.

A A
W W Ry
- - - — - - —- - —
A

WWW.PHYSICSPOWER.COM




Position of Center of Mass:
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But from the above figure
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Also, the distance between particles

d=rl+r2 and r2=d—rl

m, r, =m2[d—rl]
m,d
=>r=
m, +m,
m,d
r, =
m,+m2
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Center of mass of a system of particles in Plane:

L _mxAmX, e tmx, ;mx
o m+m +.....+m M
" y
and y_ = my, +m,y, +...+my, ~
m;  CM.
il +m, S Q m

m, mYem) (x3,y,)
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r = mx, +m,x, +...... +m x, - ;m,x,
Cm m, +m, < m M
xcm
0 mli:l + mz—f2 + ...... + mni
Iem =
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Velocity of centre of mass :

Iem =

m, +m, +.....m_
- m, T +m,L, +.....+m T,
Im = M
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i dr dr, dr,
MdrCM =m, l -{-m2 P L esebee m —
dt dt dt dt
MV, =mv,+m,v, +....+m,v,
. miv +m,V, e +m vV,
Vem =
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For two particle system velocity of centre of mass
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Momentum of centre of mass :
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Acceleration of center of mass:

dv dv dv dv
M—t=m—t+m,—2 4. .+m —
dt dt dt dt
Ma,, =maa, +m,a, +........ +m a_
- _ma +mya,+....+ma_ m3,
CM ~ Ay =
M MM
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PROBLEM: When ‘n’ number of particles of masses m,
2m, 3m,..... nm are at distances x =1, x,=2,x,=3,.....x_=n
units respectively from origin on the x-axis, then find the
distance of centre of mass of the system from origin.

SOIUtion: X = rn’lxl +m2x2 + """ +mnxn
o m, +m, +...... +m
— m()+2m(2)+3m@Q3)+........ +(nm)n

m+2m+3m+........ + nm

< _m(12+22+32+ ...... +n2)
m(l + 2 + 3 + ....... + n) WWW.PHYSICSPOWER.COM
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_m(12+22+32+ ...... +n2)

X

T m(142+3+......+1)
(n(n+1)(2n+l))
Xcm= 6
(n(n+l))
2

_2n+l1
3
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Characteristics of Center of Mass:

1. Total mass of the body seems to be concentrated at centre of mass.

2. The total external force (F,,,) applied on a body seems to be applied at centre of mass.
F.,,=Ma_where'a_'is acceleration of centre of mass.

3. Internal forces cannot change the motion of centre of mass.

4. A complex motion is a combination of translational and rotational motions. In complex
motion centre of mass represents the entire translational motion of the whole body.

5. The momentum of a body is the product of mass of the body and velocity of centre of mass
P=MV, |

6. Co-ordinates of centre of mass do not depend on the co-ordinate system chosen.
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CENTER OF GRAVITY
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Center of Gravity:

The point, from where the resultant
gravitational force of attraction or weight of the
body acts is called centre of gravity.

(or)

The point in a body where it should be
supported by an external force to keep the body in
static equillibrium is called centre of gravity.
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Differences between Center of mass and Center of Gravity:

Centre of mass , Centre of gravity
1) A point ipside a body at which the whole 1) A point inside a body through which
mass is supposed to be concentrated. the weight of the body acts.

A force applied at this ‘point produces
translatory motion.

2) It pértains to mass of the body. 2) Itrefers to weight acting on all particles

of the body.

3) In case of small bodies centre of mass 3) In case of a huge body centre of mass
and centre of gravity coincide. and centre of gravity may not coincide.
(Uniform gravitational field) (Non uniform gravitational field)

4) Algebraic sum of moments of masses 4) Algebraic sum of moments of weights
about centre of mass is zero. | about centre of gravity is zero.

5) Centre of mass is used to study translatory | 5) Centre of gravity is used to know the
motion of a body when it is in complicated stability of the body where it is to
motion. be supported.
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VECTOR PRODUCT
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Vector product or Cross product:

It is defined as the product of the magnitude of vectors with
sine of the angle between them.

_ . C=AxB
AX B = ABSinOn A
-
Resultant vector C perpendicular to the plane \@Sﬁ

containing vectors A and B A‘/‘«, é,\

Image source: https://studylib.net/



Properties of Cross Product: \C=AX

(1) Vector product is anti-commutative

-

e s . -
Ax B=— Bx A

Y-C=BxA

(11) Vector product is distributive over addition

> - > e s A«
Ax(B+ C)=AxB+AxC
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(111) Vector product of two parallel or antiparallel
vectors is a null vector.

_._>

—> A =¥
Ax B = ABsin (0°or 180°) 1 = 0

(1v) Vector product of a vector with itself is a null
vector.

—> —> A —>
Ax A=AAsin0°n =0
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(v) The magnitude of the vector product of two
mutually perpendicular vectors is equal to the
product of their magnitudes.

- > .
| Ax B|=ABsin90°= AB
(vi) Vector product of orthogonal unit vectors. The

magnitude of each of the vectors i , //'\ and £ is 1

and the angle between any of two of them is90°

ix ] =(1)(1)sin90°n =n =&
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(vii) The vector product of two vectors can be
expressed in terms of their rectangular compo-
nents as a determinant.

B

X Y z

A
- >
Ax B = Ax Ay AZ
B B
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Find the cross product of the vectors A=3i+4j and B=-3i+7]j

Solution L ]k
- o
Ax B=| 3 4 (
-3 7 0
2|4 0|5 30| | 3 4
17 07 =3 0|7 |=3 7

=1(0-0)-7(0-0)+k 21+12)=33k
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Relation between
Angular velocity
and
L_inear velocity
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Angular velocity (o) :
Rate of change in angular displacement is called angular velocity.
Let angular displacement is A0 over atime interval At

then average angular velocity

AO
W = AL Unit = Radian / sec

Angular acceleration (o) :

Angular acceleration o, = %% Unit : Radian /sec2
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Uniform Circular motion:

Relation between angular velocity, frequency and time period:

If timer=7,0 = 271 radian

Angular velocity, ® = 0

t
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Relation between angular velocity and linear velocity:

Angular velocity = A 1
At
| . As
Linear velocity v=— - 2
At
As=rAO - 3
Substituting AO
egn3ineqgn2 v =r—— =r Q@ From eqgn 1
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) v=u + at D w, =w,+os
1

2) §=ut+—ar’ 2) B=m,t+-—1~w2
2 2

3) v’ —u? =2aS 3) m%—mf=2a9

4) S =u+g’-(2n-—l) 4) 6, =(01+%(2”‘1)
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Conservation of
Angular Momentum
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Moment of force couple or torque (t):

The moment of forceis called torque or moment of force couple.
Torque ©=TxF=|7|x|F|sin6-i
Unit : Newton metre (N-m)

Angular momentum (L) :

lw

L=Txp=|T||p|sin6-n L
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Torque and angular momentum :

The time rate of change of the angular momentum of a particle
is equal to torque acting on it.

T ’c—-.d_E.——T._qp:.
orque dt dt

Law of conservation of angular momentum :
| .. dL
When 7., =0 then i 0
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When external torque (t,,,) is zero, the total angular
momentum of a system is conserved i.e., it remains constant.

i.e. angular momentum L is constant.

dL l dw
dt dt
dm . . | ~ | .
dat is the rate of change of angular velocity calléd angular acceleration (o)

-. The relation between Torque and angular acceleration is,
T =lo |
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Law of conservation of angular momentum:

If external torque t =0
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then EE:T = ()
dt

. Change in angular momentum is also zero.

— ]:2—[:1=0

l.e., 12(.02 - [1(1)1 =0 or Il(l)l s 12(,02



A diver jumping from a spring board ' . A person rotating on a turn table

Image source: https://engineersfield.com/
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Equilibrium of a rigid body:

if both its linear momentum and angular momentum
are not changing with time.

The vector sum of all the forces acting on a rigid body must be zero.

i=1

This condition provides translational equilibrium of the body.
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The vector sum of all the torques acting on a rigid body must be zero

n
e, Tyt Tyeeeenneen +T,=Y17,=0
i=1

This condition provides rotational equilibrium of the body.

Couple (or) Force couple :

A pair of equal and opposite forces with different lines of action
is known as couple.

A couple produces rotation without translation.
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F Couple
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Principles of moments:

For alever to be in mechanical equilibrium let R is the reaction of the support
at fulcrum. It is directed upwards and F, and F, are the forces then

For translational equilibriumR-F, -F, =0 R

. . l&— d, —9‘(— d, —
i.e. alzebraic sum of forces must be zero. & L0 B

&

For rotational equilibrium d,F, - d,F, = 0.

i.e. alzebraic sum of moments must be zero.

WWW.PHYSICSPOWER.COM



Moment of Inertia
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Moment of Inertia
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Moment of Inertia (1) :

The inertia of a rotating body is called moment of inertia.

| n
Mathematically, Moment of Inertia, I= Y m, r’ = MR?
i=1 :

Radius of gyration (k) :

Radium of gyration of a body about an axis may be defined as

the distance from the axis of a mass point whose mass is
equal to whole mass of the body and whose moment of inertia

is equal to moment of inertia of the whole body about that axis.
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I=mr1‘”L +m1*21 +mrf+---+mr“3

2 2 2 2
=m(5’+5, +1 4417

2 2 2 2
o !
— nm ] 2 3 n

[ = MK*

rlz + rf + rill + .+ rﬁi
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Rolling Motion
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Rolling Motion:

rotation -+ translation — rolling
P tam 19 Gane 2 Vo
-
Ve . Vs
" e
Vs
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Final velocity and total energy of a rolling body
without slipping:

A rolling body has both translational kinetic energy and rotational kinetic energy.

So the total K.E energy of a rolling body is,

K'ET = K.E + K.E

(Translational) (Rotational)

= KEgp= -l—mv2 +—;-lw2

2

2

; 2
= KET = %mv2 + -;:mkz e [ [=mk® and v = rm}
r ‘
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= KET =

Total ener'gy E-=

Velocity of\ the b__ody, V=

1

—mv
2

1

= IV

2

9 "1

+—m
2

—

2

gr

V

ve

2

k2

k2

r2 N

[ | = mk2 and v = rm]
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Rolling on
Inclined Plane
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Rolling a body on an Inclined Plane:

N =mgcos0

The net force acting down the inclined plane 1s

F, =mgsin g —{;

. & o mg sinf — f

m

fs

a=gsinf ——
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T= f.R a=
: I
But a=— and [ = mk?
R
a fsR
R mK°*
st2 sza
= a= - —
mK’ Js R?
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Velocity of the rolling body (without slipping) on
reaching the bottom of the inclined plane:

PEA=KEB 2'_ o
| ST 2
mgh=§mv2[l+B] e
m——
= |V = lih
Y1+

b 2glsin B
1+
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Time taken by the rolling body to reach the bottom

of the plane:
= ut +~ar®
2

]

\ a

21(1+B)

\ gsin6

y_u=0
A

h

h

: sin@ =—
gsin@ I
e 143 = h=1sinB
h
1 2h e
= =— (L+B) sin®
sin@ '\ g
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1

2h

4

) sinf '\ g

(1+B)

For sliding bodies 3 =0,

= =

21 1

\

gsin®  sin®\
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THANK YOU
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